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We address the effect of the field induced antiferromagnetism in paramagnetic state of the cuprate
weak ferromagnet La2CuO4. The planar oxygen
17O Knight shift is shown to be an effective tool
to inspect the effects of Dzyaloshinsky-Moriya coupling in cuprates in an external magnetic field.
Field induced antiferromagnetism and anisotropic antiferromagnetic contribution to 17K explain the
anomalies observed in 17O NMR in La2CuO4. The experimental observation of antiferromagnetic
contribution to the 17O Knight shift provides probably the only way to find out the problem of the
sense of Dzyaloshinsky vector in cuprates.
Starting from pioneer papers by Dzyaloshinsky1 and
Moriya2 the Dzyaloshinsky-Moriya (DM) antisymmetric
exchange coupling was extensively investigated in 60-
80ths in connection with weak ferromagnetism focus-
ing on hematite α-Fe2O3 and orthoferrites RFeO3.
3 The
stimulus to a renewed interest to the subject was given
by the cuprate problem, in particular, by the weak fer-
romagnetism observed in La2CuO4
4 and many other in-
teresting effects for the DM systems, in particular, the
”field-induced gap” phenomena5 and field-induced stag-
gered spin polarization.6 It is worth noting that the lat-
ter effect was addressed earlier on in weak ferromagnet
FeF3.
7
Below, in the paper we address the effect of the field-
induced antiferromagnetism in La2CuO4 and its mani-
festation in the 17O NMR. We show that namely this
effect explains the puzzlingly large negative 17O Knight
shift for planar oxygens with anisotropy resembled that
of weak ferromagnetism.8
At variance with typical 3D systems such as orthofer-
rites or fluorides, cuprates are characterised by a low-
dimensionality, large diversity of Cu-O-Cu bonds includ-
ing corner- and edge-sharing, different ladder configura-
tions, strong quantum effects for s = 1/2 Cu2+ centers,
and a particularly strong Cu-O covalency resulting in a
comparable magnitude of hole charge/spin densities on
copper and oxygen sites.
We start with a typical for cuprates the three-center
FIG. 1: Geometry of the three-center (Cu-O-Cu) two-hole
system with ground Cu 3dx2−y2 states.
(Cu1-O-Cu2) two-hole system with tetragonal Cu on-site
symmetry and ground Cu 3dx2−y2 states (see Fig. 1)
which conventional bilinear spin Hamiltonian is written
in terms of copper spins as follows
Hˆs(12) = J12(sˆ1 · sˆ2) +D12 · [sˆ1 × sˆ2] + sˆ1
↔
K12 sˆ2 , (1)
where J12 > 0 is an exchange integral, D12 is the
Dzyaloshinsky vector,
↔
K12 is a symmetric second-rank
tensor of the anisotropy constants. In contrast with
J12,
↔
K12, the Dzyaloshinsky vector D12 is antisymmet-
ric with regard to the site permutation: D12 = −D21.
Usually this vector is assumed to be located on the
bond connecting spins 1 and 2, though, strictly speak-
ing, this should be written as a sum of three vectors lo-
cated on Cu1, Cu2, and oxygen sites, respectively:D12 =
D
(1)
12 + D
(O)
12 + D
(2)
12 . Hereafter we will denote J12 =
J,
↔
K12 =
↔
K,D12 = D, respectively. It should be noted
that making use of effective spin Hamiltonian (1) implies
a removal of orbital degree of freedom that calls for a
caution with DM coupling as it changes both a spin mul-
tiplicity, and an orbital state.
For a composite two s = 1/2 spins system one should
consider three types of the vector order parameters:
Sˆ = sˆ1 + sˆ2; Vˆ = sˆ1 − sˆ2; Tˆ = 2[sˆ1 × sˆ2] (2)
with a kinematic constraint:
Sˆ
2+Vˆ2 = 3Iˆ; (Sˆ·Vˆ) = 0; (Tˆ·Vˆ) = 6i; [Tˆ×Vˆ] = Sˆ. (3)
In a sense the Vˆ operator describes the effect of local
antiferromagnetic order, while Tˆ operator may be asso-
ciated with a vector chirality.9 In recent years, phases
with broken vector chirality in frustrated quantum spin
chains have attracted considerable interest. Such phases
are characterized by nonzero long-range correlations of
the vector order parameter 〈Tˆ〉. Interestingly that a chi-
rally ordered phase can manifest itself as a ”nonmag-
netic” one, with 〈Sˆ〉 = 〈Vˆ〉 = 0.
Both Tˆ and Vˆ operators change the spin multiplicity
with matrix elements
〈00|Tˆm|1n〉 = −〈1n|Tˆm|00〉 = iδmn;
2〈00|Vˆm|1n〉 = 〈1n|Vˆm|00〉 = δmn, (4)
where we made use of Cartesian basis for S = 1. The
eigenstates of the operators Vˆn, and Tˆn with nonzero
eigenvalues ±1 form Ne´el doublets 1√
2
(|00〉 ± |1n〉 and
DM doublets 1√
2
(|00〉±i|1n〉, respectively. The Ne´el dou-
blets correspond to classical collinear antiferromagnetic
spin configurations, while the DM doublets correspond to
quantum spin configurations which sometimes are asso-
ciated with a rectangular 900 spin ordering in the plane
orthogonal to the Dzyaloshinsky vector.
Before going to microscopic analysis we should note
that the interaction of our three-center system with ex-
ternal spins and/or fields Hˆext is usually addressed by in-
troducing only two types of effective external fields: the
conventional Zeeman-like field and unconventional Ne´el-
like staggered field, so that Hˆext reads as follows
Hˆext = −(hS · Sˆ)− (hV · Vˆ). (5)
It should be noted that an ideal Ne´el state is attainable
only in the limit of infinitely large staggered field, there-
fore for a finite staggered field hV ‖ n the ground state
is a superposition of a spin singlet and a Ne´el state,
Ψ = cosα|00〉+ sinα|1n〉, tan 2α = 2h
V
J
,
which composition reflects the role of quantum effects.
For instance, in a Heisenberg spin 1/2 chain with nn ex-
change the maximal value of staggered field hV = J/2
hence the Ψ function strongly differs from that of Ne´el
state (〈Vˆn〉 = sin 2α = 1√2 ), and quantum mechanical av-
erage for a single spin 〈sz〉 ≤ 12 sinπ/4 = 1√2 ·
1
2 ≈ 0.71 · 12
deviates strongly from classical value 12 . It should be
noted that for the isolated antiferromagnetically coupled
spin pair the zero-temperature uniform spin susceptibil-
ity turns into zero: χS = 0, while for the staggered spin
susceptibility we obtain χV = 2/J .
Application of an uniform external magnetic field hS
will produce a staggered spin polarization in the antifer-
romagnetically coupled Cu1-Cu2 pair
〈V12〉 = L = − 1
J212
[
∑
i
D
(i)
12 × hS ] =
↔
χ
V S
h
S (6)
with antisymmetric V S-susceptibility tensor: χV Sαβ =
−χV Sβα . One sees that the sense of a staggered spin po-
larization, or antiferromagnetic vector, depends on that
of Dzyaloshinsky vector.7 The V S coupling results in
many interesting effects for the DM systems, in particu-
lar, the ”field-induced gap” phenomena in 1D s=1/2 an-
tiferromagnetic Heisenberg system with alternating DM
coupling.5 Approximately, the phenomenon is described
by a so called staggered s=1/2 antiferromagnetic Heisen-
berg model with the Hamiltonian
Hˆ = J
∑
i
(sˆi · sˆi+1)− husˆiz − (−1)ihssˆix , (7)
which includes the effective uniform field hu and the in-
duced staggered field hs ∝ hu perpendicular both to the
applied uniform magnetic field and Dzyaloshinsky vector.
Earlier on (see Ref.7) we pointed to the ligand NMR
as, probably, the only experimental technique to mea-
sure both staggered spin polarization, or antiferromag-
netic vector in weak 3d-ferromagnets and the value, di-
rection, and the sense of Dzyaloshinsky vector. The lat-
ter possibility was realized with 19F NMR for weak ferro-
magnet FeF3.
7 Here we address the problem for generic
cuprate weak ferromagnet La2CuO4. The DM coupling
and magnetic anisotropy in La2CuO4 and related com-
pounds has attracted considerable attention in 90-ths
(see, e.g., Refs.10,11,12,13), and is still debated in the
literature.14,15 In the low-temperature tetragonal (LTT)
and orthorhombic (LTO) phases of La2CuO4, the oxy-
gen octahedra surrounding each copper ion rotate by a
small tilting angle (δLTT ≈ 30, δLTO ≈ 50) relative to
their location in the high-temperature tetragonal (HTT)
phase. The structural distortion allows for the appear-
ance of the antisymmetric Dzyaloshinsky-Moriya inter-
action. In terms of our choice for structural parameters
to describe the Cu1-O-Cu2 bond we have for LTT phase:
θ = π; δ1 = δ2 =
pi
2 ± δLTT for bonds oriented perpen-
dicular to the tilting plane, and θ = ±(π − 2δLTT ); δ1 =
δ2 =
pi
2 for bonds oriented parallel to the tilting plane.
It means that all the local Dzyaloshinsky vectors turn
into zero for the former bonds, and turn out to be per-
pendicular to the tilting plane for the latter bonds. For
LTO phase:θ = ±(π − √2δLTO); δ1 = δ2 = pi2 ± δLTO.
The largest (∝ δLTO) component of the local Dzyaloshin-
sky vectors (z-component in our notation) turns out to
be oriented perpendicular to the Cu1-O-Cu2 bond plane.
Other two components of the local Dzyaloshinsky vectors
are fairly small: that of perpendicular to CuO2 plane (y-
component in our notation) is of the order of δ2LTO, while
that of oriented along Cu1-Cu2 bond axis (x-components
in our notation) is of the order of δ3LTO.
As an important by-product of the cuprate activity we
arrived at a significant progress in different experimen-
tal methods and new opportunities to elucidate subtle
details of electron and spin structure. In particular, it
concerns the oxygen 17O NMR-NQR as an unique local
probe to study the charge and spin densities on oxygen
sites. In this connection we point to papers by R. Walst-
edt et al.8 as a first direct observation of anomalous oxy-
gen hyperfine interactions in generic cuprate La2CuO4.
With the approaching transition to the ordered magnetic
phase, the authors observed anomalously large negative
17O Knight shift for planar oxygens which anisotropy re-
sembled that of weak ferromagnetism in this cuprate.
The giant shift was observed only when external field
was parallel to the local Cu-O-Cu bond axis (PL1 lines)
or perpendicular to CuO2 plane. The effect was not
observed for PL2 lines which correspond to oxygens in
the local Cu-O-Cu bonds which axis is perpendicular
to in-plane external field. The data were interpreted as
an indication of oxygen spin polarization due to a local
3Dzyaloshinsky-Moriya antisymmetric exchange coupling.
However, either interpretation of NMR-NQR data in such
low-symmetry systems as La2CuO4 needs in a thorough
analysis of transferred hyperfine interactions and a re-
visit of some textbook results being typical for the model
high-symmetry systems. First we draw attention to spin-
dipole hyperfine interactions for O 2p-holes which are
main participants of Cu1-O-Cu2 bonding. Starting from
a conventional formula for a spin-dipole contribution to
local field
Hn = −gsµB
∑
i
3(ri · si)ri − r2i si
r5i
and making use of an expression for appropriate matrix
element
〈pi|3xαxβ − r
2δαβ
r5
|pj〉 = −2
5
〈
1
r3
〉
2p
〈pi|3l˜αlβ−2δαβ|pj〉
=
2
5
〈
1
r3
〉
2p
(
3
2
δαiδβj +
3
2
δαjδβi − δαβδij) (8)
we present a local field on the 17O nucleus in Cu1-O-Cu2
system as a sum of ferro- and antiferromagnetic contri-
butions as follows7
Hn =
↔
A
S
· 〈Sˆ〉+ ↔A
V
· 〈Vˆ〉 (9)
where
↔
A
S
=
↔
A
S
(dp) +
↔
A
S
(pd);
↔
A
V
=
↔
A
V
(pd)− ↔A
V
(dp) ,
ASij(dp) = A
(0)
p [3ct(dpi)ct(dpj)− |ct(dp)|2δij ] ,
ASij(pd) = A
(0)
p [3ct(pid)ct(pjd)− |ct(pd)|2δij ] ,
AVij(dp) = A
(0)
p [3
˜cs(dpi)ct(dpj)− (cs(dp) · ct(dp))δij ] ,
AVij(pd) = A
(0)
p [3
˜cs(pid)ct(pjd)− (cs(pd) · ct(pd))δij ] ,
where
cs,t(dpx) = −
√
3
2
tdpσ
Es,t(dpx)
sin
θ
2
,
cs,t(dpy) = −
√
3
2
tdpσ
Es,t(dpy)
cos
θ
2
(10)
are probability amplitudes for different singlet (cs)
and triplet (ct) 110 (Cu13dx2−y2O2px,y) and 011
(O2px,yCu23dx2−y2) configurations in the ground
state wave function, respectively; cs,t(dpx)=−cs,t(pxd),
cs,t(dpy) = cs,t(pyd), tdpσ is a hole dp-transfer integral,
A
(0)
p =
2
5gsµB
〈
1
r3
〉
2p
, the tilde points to a symmetriza-
tion. The energies Es,t(dpx,y) are those for singlet
and triplet states of dpx,y configurations, respectively:
Es,t(dpx,y) = ǫx,y + Kdpx,y ± Idpx,y, where Kdpx,y
and Idpx,y are Coulomb and exchange dp-integrals,
respectively. Thus, along with a conventional textbook
ferromagnetic (∝ 〈Sˆ〉) transferred hyperfine contribution
to local field which simply mirrors a sum total of two
Cu-O bonds, we arrive at an additional unconventional
antiferromagnetic difference (∝ 〈Vˆ〉) contribution which
symmetry and magnitude strongly depend on the orien-
tation of the oxygen crystal field axes and Cu1-O-Cu2
bonding angle. In the case of Cu1-O-Cu2 geometry
shown in Fig.1 we arrive at a diagonal
↔
A
S
tensor:
ASxx = 2Ap(3 sin
2 θ
2
− 1); ASyy = 2Ap(3 cos2
θ
2
− 1);
ASzz = −2Ap, (11)
and the only nonzero components of
↔
A
V
tensor:
AVxy = A
V
yx = 3Ap sin θ (12)
with
Ap =
3
4
(
tdpσ
ǫp
)2
A0p = fσA
0
p, (13)
where fσ is the parameter of a transferred spin density
and we made use of a simple approximationEs,t(dpx,y) ≈
ǫp. Generally speaking, we should take into account an
additional contribution of magneto-dipole hyperfine in-
teractions.
The two-term structure of oxygen local field implies a
two-term S-V structure of the 17O Knight shift
17K =
↔
A
S↔
χ
SS
+
↔
A
V↔
χ
V S
(14)
that points to Knight shift as an effective tool to in-
spect both uniform and staggered spin polarization. The
existence of antiferromagnetic term in oxygen hyper-
fine interactions yields a rather simple explanation of
the 17O Knight shift anomalies in La2CuO4
8 as a re-
sult of the external field induced staggered spin polariza-
tion 〈Vˆ〉 = L = ↔χ
VS
Hext. Indeed, ”our” local y axis
for Cu1-O-Cu2 bond corresponds to the crystal tetrago-
nal c-axis oriented perpendicular to CuO2 planes both in
LTO and LTT phases of La2CuO4 while x-axis does to
local Cu-O-Cu bond axis. It means that for the geom-
etry of the experiment by Walstedt et al.8 (the crystal
is oriented so that the external uniform field is either ‖
or ⊥ to the local Cu-O-Cu bond axis) the antiferromag-
netic contribution to 17O Knight shift will be observed
only a) for oxygens in Cu1-O-Cu2 bonds oriented along
4external field or b) for external field along tetragonal c-
axis. Experimental data8 agree with staggered magne-
tization along the tetragonal c-axis in the former and
along the rhombic c-axis (tetragonal ab-axis) in the lat-
ter. Interestingly, the sizeable effect has been observed
in La2CuO4 for temperatures T ∼ 500 K that is essen-
tially higher than TN ≈ 300 K. Given L = 1, A(0)p ≈ 100
kG/spin,8 | sin θ| ≈ 0.1, and fσ ≈ 20% we obtain ≈ 6
kG as a maximal value of a low-temperature antiferro-
magnetic contribution to hyperfine field which is parallel
to external magnetic field. This value agrees with a low-
temperature extrapolation of high-temperature experi-
mental data by Walstedt et al.8 Similar effect of anoma-
lous 13C Knight shift has recently been observed in cop-
per pyrimidine dinitrate [CuPM(NO3)2(H2O)2]n, a one-
dimensional S=1/2 antiferromagnet with alternating lo-
cal symmetry.6 However, the authors did take into ac-
count only the inter-site magneto-dipole contribution to
↔
A
V
tensor that questions their quantitative conclusions
regarding the ”giant” spin canting.
The ferro-antiferromagnetic S-V structure of local field
on the nucleus of an intermediate oxygen ion in a Cu1-
O-Cu2 triad points to
17O NMR as, probably, the only
experimental technique to measure both the value, direc-
tion, and the sense of Dzyaloshinsky vector. For instance,
the negative sign of 17O Knight shift in La2CuO4
8 points
to a negative sign of
↔
χ
V S
for Cu1-O-Cu2 triad with
AVxy > 0, hence to a positive sense of z-component of the
summary Dzyaloshinsky vector in Cu1-O-Cu2 triad with
geometry shown in Fig.1 given θ ≤ π, δ1 = δ2 ≈ π/2. It
should be emphasized that the above effect is determined
by the summary Dzyaloshinsky vector in Cu1-O-Cu2
triad rather than by a local oxygen ”weak-ferromagnetic”
polarization as it was proposed by Walstedt et.al.8
In conclusion, we predict the effect of the field in-
duced antiferromagnetism in a paramagnetic state of the
cuprate weak ferromagnet La2CuO4. The planar oxygen
17OKnight shift is shown to be an effective tool to inspect
the effects of Dzyaloshinsky-Moriya coupling in cuprates
in an external magnetic field. Field induced antiferro-
magnetism and anisotropic antiferromagnetic contribu-
tion to 17K explain the anomalies observed in 17O NMR
in La2CuO4.
8 The experimental observation of antiferro-
magnetic contribution to the 17O Knight shift provides
probably the only way to find out the problem of the
sense of Dzyaloshinsky vector in cuprates.
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